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Abstract 
Employing the equality of the mechanical work of shear stress and the energy of liquid bridges, a 
formula is developed for shear stress τ and unconfined yield strength fc of compressed powder, 
consisting of mono-sized solid particles mixed with oil. This formula predicts the dependence of 
shear stress and unconfined yield strength on the oil weight fraction, C, and the radius of the 
particles, R, as τ and fc ∝ sqrt (C)/R. Experimental data obtained with a Schulze cell were used to 
validate the developed formula. Experimental dependence of fc on R confirms the theoretical 
formula. However, the experimental dependence of fc on oil weight fraction C does not agree 
with the theory developed, especially at low C.  Therefore, the theoretical model needs 
modification. Despite some approximations, the theory predicts certain features, which can be 
important for transport of the stressed powder/ oil mixture. 
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1. Introduction 
The mechanical properties of bulk powders are an important subject for experimental and 
theoretical research of Reed [1]. Industry has a reasonable ability to predict process behavior 
assuming bulk flow properties are measured at the appropriate process conditions and bulk-
handling designs are based on sound theoretical approaches.    Thus, the relationship between 
material flow properties and process behavior is often a matter of reasonable well-established 
engineering design principles.  However, the problem with this approach is that changes in 
upstream particle production processes cause bulk materials to change particle size distribution, 
moisture content, and surface activity.  These particle scale properties have significant influence 
on the bulk scale material flow properties.  Thus, any change in process conditions can result in a 
material that may not flow through the existing process, resulting in hang-up conditions and 
decreasing productivity.  One solution is to measure bulk flow properties under all possible 
combinations of process conditions and design for the worst situation.  Unfortunately, this is 
often impractical or even impossible since the process must exist and be reliably producing 
product, which can be tested to measure the flow properties in the first place.  Another approach 
would be to measure the flow properties of given bulk material consisting of a known moisture 
content, particle size distribution, and surface activity and then use a model to predict or 
extrapolate the effect that changes in these particle scale properties would have on the basic flow 
properties.   This approach would allow process models to be developed that include changes in 
particle scale properties and allow feed forward process controls to be used in powder processes.   

In addition, using models relating particle scale properties to bulk flow properties will allow 
product design during initial formulation stages.   Ultimately engineers would then be able to 
optimize any product for use in a prescribed process or handling system without resorting to 
extensive pilot scale validation of the process.  Processes currently handling powder often 
require significantly longer start-up schedules to achieve reliable throughput than processes not 
handling powders.  Therefore, the development of models capable of predicting bulk flow 
properties, for given particle scale properties, is of paramount importance in both process and 
product design.   This new approach to predict process behavior will help prevent cohesive flow 
stoppages and assist engineers in designing powders with sufficient cohesion to prevent or 
minimize segregation during processing and handling.  For example, adding a liquid binder to 
bulk material has been successful in reducing segregation in food, chemical, and pharmaceutical 
industries.  The binder produces liquid bridges between particles, which help to avoid powder 
segregation. 

The bulk flow property causing the most difficulty in predicting process behavior is unconfined 
yield strength, fc.  This bulk property is defined as the major principal stress acting on an 
unconfined bulk material that produces failure of the bulk material through shear. A typical 
result from consolidation and fail of a powder sample is shown in Figure. 1. The corresponding 
points on the Mohr circle and shear stress time series are shown to illustrate the procedure of 
generating the yield locus. Yield locus concept shows relationship between strength, fc, major 
principal stress σ1, and internal friction angle φ.  Yield strength of powders depends on the 
consolidation stress, σ1, applied to the material.  Generally, the larger the consolidation stress, 
the larger the unconfined yield strength.   Associated with an unconfined yield strength value, fc, 
at a particular consolidation stress, σ1, is a yield locus.  This locus represents the collection of all 
the shear and normal stress points that will cause incipient failure of the bulk material, which has 
been pre-consolidated to a major principal stress of σ1.  In fact, measuring this yield locus using 
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direct shear testers provides the means of determining unconfined yield strength.  The details of 
this methodology will be discussed below. 

 

Figure 1.  Yield locus and shear stress time series concept showing relationship between 
strength, fc, major principal stress σσσσ1, effective internal friction angle, δδδδ, and 
internal friction angle φφφφ 

 

Another way of describing the strength of a bulk material would be to recognize that the 
unconfined yield strength can be thought of as a resistance to shear of a collection of particles, 
each subjected to a set of contact adhesive forces and surface friction forces during inter-particle 
motion.  The vector sum of these forces divided by the appropriate area would yield an 
estimation of the shear stress acting during failure and steady shear.  For wetted particles, initial 
liquid bridges would form between adjacent particles and the liquid would be drawn to zones 
where the inter-particle gap is smallest due to capillary force.  The initial shear deformation of 
the particle assembly will break the largest number of liquid bridges.  Thus, the initial shear force 
would be the greatest corresponding to the peak stress observed during initial failure. These 
liquid bridges would then break and reform in a non-simultaneous manner during subsequent 
shear generating steady state shear stresses.  If all of the forces acting between the particles were 
known and the initial position of particles were known then Newton’s laws of motion could be 
applied to the collection of particles and the movement of the particle system be predicted.  This 
is the basis of the discrete element method (DEM).  
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DEM provides a reasonable approximation to the shear and normal stresses acting on the bulk 
assembly of particles.  It will produce an approximation to the motion of particles in the system 
when these particles are perturbed by the motion of a wall or other boundary.  Thus, the effect of 
wall properties on bulk behavior can be evaluated.  The method also allows calculation of a 
powder coordination number under normal stress conditions. Unfortunately, DEM is very 
calculation intensive and only as accurate as the inter-particle force laws that are used in the 
simulation calculations.   Moreover, DEM demands knowledge of the elastic properties of 
particles and some hypothesis about adhesion (cohesion) force between particles.  

Another approach has been suggested by Johanson et. al. [2] and is based on the calculation of 
inter-particle separation energy rather than maximum contact forces. This previous work 
suggested a qualitative formula allowing evaluation of unconfined yield strength (fc) for powder 
with oil under normal (σ) and shear (τ) stresses. In these calculations it was suggested that 
mechanical work of shear stress is equal to the rupture energy of liquid bridges (annuluses) 
between particles. As a result of this hypothesis, the following qualitative formula was 
developed. 

R

C
f c ∝   where C is liquid weight fraction and R is particles radius. 

Due to the qualitative character of this formula, quantitative conclusions about the powder 
behavior were not possible.  In the present paper, taking into account the rupture energy of the 
liquid bridges, a formula is developed which allows quantitative calculation of fc and τ, i. e., the 
ability to predict the unconfined yield strength of a mixture of the solid powder and liquid.  
 
2. Direct shear test methodology 
This new analysis starts with a discussion of direct shear testing using the Schulze cell [3], which 
was used to measure the yield locus of materials containing liquid binders.  This standard shear 
cell is an annular direct shear cell, which is represented schematically in Figure. 2.  The 
description of the shear cell, method of obtaining Mohr circles and measurement of unconfined 
yield strength, fc, are given in Addendum. The major principal stress (σ1) is determined by 
drawing a Mohr circle through the critical stress state and tangent to the yield locus.   
 

 
 
Figure 2. Schematic of the Schulze cell. The annular region of the cell is filled with powder 

with the two load arms connected to the stationary top. The bottom of the cell is 
rotated to shear the sample consolidated by applying different normal loads 
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This entire process of obtaining Mohr circles is repeated several times for each per- 
consolidation stress allowing the latter to vary. Thereby several yield loci are generated.  There 
exists a strength and consolidation point for every unique yield locus.  These unique strength 
points are plotted as a function of major principal stress associated with the critical state of 
stress.  This plot is known as the flow function and is used to predict process behavior of 
cohesive materials.  Such a plot exists for glass beads mixed with oil in previous work done by 
Johanson et al. [2]. This data is used in this paper to extend and validate the theory for predicting 
unconfined yield strength from liquid binder content and particle size data. 
 
3. Experiment: Materials and Methods 
The mono-dispersed glass particles (“spheriglass”) with different sizes (diameters) between 72 
and 1000 µm were supplied by Potters Industries Inc. In agreement with a supplier data, the size 
distribution can be characterized by the values of D50, D90 and D10. For example, for particles 
with median diameter D50=116 µm, these values are, as D10=93 µm and D90=141 µm.” 

White mineral oil of “Sharpening Stone” grade was obtained from Norton Co., Littleton, NH, 
USA. The viscosity of oil was 25 cP, as measured by capillary viscometer, surface tension was 
γ=27 mN/m. The contact angle of oil on glass surfaces ranged from 0 to 10o.  

Oil was added to the bulk material by measuring the weight of oil in an atomizer.  The oil was 
then sprayed on the bulk material as it was mixed in a small rotary shaft mixer for five minutes.  
The quantity of oil in the mixture was determined by weighing the atomizer bottle before and 
after oil addition.  Visual microscopic observations were made to ensure that the oil was well 
distributed in the bulk mixture.   

The dimensions of Schulze cell are, as following, the outside- and inside diameters are 20 cm 
and 10 cm, respectively, the height is near 2 cm. The strength measurements were done in the 
standard cell with powder material.  Thus they are accurate and done in accordance with the 
ATSM standard.  The velocity measurements were measured using x-ray tomography in a 
smaller cell to provide better resolution at the particle scale. The size of the cell is 40 mm outside 
diameter and 32 mm inside diameter. The annular space in the cell was 10 mm with a depth of 10 
mm. X-ray tomography can provide a 2% to 5% spatial resolution.  With respect to the 
resolution, the reconstruction was done with a voxel resolution of 80 microns. Thus the smaller 
cell has a benefit.  Please note that the number of particle diameters in this small scale shear cell 
was in accordance with the number or relative size of particles addresses in the ASTM standard 
to achieve reasonable shear results.   

 
4. Results and discussion 
4.1. Particle scale theory for predicting strength  

Consider the behavior of the powder in the Schulze cell [3] under normal and shear stress. This 
behavior mimics the transport properties of powder through bins and hoppers. To relate the 
mechanical properties of the powder mixed with liquid with properties of the liquid bridge 
between individual particles, one of two alternative hypotheses can be chosen.  The first 
hypothesis is that in the process of powder shearing, maximal attractive (adhesion) forces act 
during liquid bridge breakage. The second hypothesis is that the work, caused by lateral (shear) 
stress, is equal to the energy needed to break the liquid annuli between particles. The first 
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hypothesis leads to conclusions that unconfined yield strength should be independent of oil 
weight fraction (weight fraction), C, because maximal capillary adhesion force (at the distance 
between particles H=0) in agreement with Haines [4] and Fisher [5] is independent of the 
annulus volume, V, and therefore of C.  The first hypothesis contradicts previous experimental 
data obtained for powder from quartz or glass particles [2, 6]. The second hypothesis about 
correlation between work of adhesion and work of shear stress leads to the following. 

Energy of the annulus can be calculated as the integral of the force/distance dependence 
relationships, which in turn can be determined from the paper of Rabinovich et. al. [7].  On the 
other hand, the energy of one annulus with small fixed volume is given directly by Israelachvili 

[8], as the following Eq. 1, 

22
1 cos2 αθπγ ⋅= RE                                                                    (1) 

where γ is the liquid surface tension, θ is the contact angle and α is the half-embracing angle 
(Figure. 3).  Israelachvili [8] obtained this formula calculating the difference between free energy 
of dry solid surface and energy of surface coated by liquid. The validity of Eq. 1, despite the 
non- equilibrium character of the capillary force with the constant volume bridge, was confirmed 
by Rabinovich et. al. [6, 7] theoretically and experimentally. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
 
 

Figure 3.   Geometry of the liquid bridge between two spherical particles 
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The present discussion allows the correlation between the energy of annulus breakage and the 
powder yield strength. The calculation of the annulus energy with Eq. 1 requires knowledge of 
the value of the bridge embracing angle, α, or the bridge volume, V1, which is related to α. For 
powder mixed with oil, this volume, Vl, can be found if the weight fraction of oil in powder (C) 
is known, as follows: 
 

oil

sol

n

CR
V

ρ
ρπ

3

8 3

1 =         (2)  

 
where C is weight fraction of oil, the density of oil, ρoil, is equal to 0.95 g/cm3 and ρsol is the 
solid density (ρglass= 2.5 g/cm3) and n is the number of the oil annuluses associated with each 
glass particle (coordination number).  Eq. 2 takes into account that each annulus belongs to the 
pair of particles. In Eq. 2 (and in Eqs. 5 and 9 below) we imply that whole volume of liquid is 
found in the liquid bridge. It is almost correct for oil on silica surface, because in this case the 
pressure inside oil is almost equal to atmospheric one (minus dispersion force silica/oil/air) while 
in bridge (under curve meniscus) the pressure is lower than atmospheric one. However, due to 
kinetic reasons (viscosity), part of oil remains in film. This yields to overestimated values of V1 
in Eq. 2 and fc in Eq. 9. Another problem is that not every contact point is filled by oil bridges. 
Moreover, different bridges have different volumes. In the present paper we don’t consider these 
effects because their including would make theory too complex and demand involving additional 
unknown fitting coefficients. 

For contacting particles (the shortest distance H=0) the bridge volume is related to the embracing 
angle, α, as suggested by Rabinovich et al. [6, 7]: 
 

3
12 2

R

V

π
α =        (3) 

 
The total number of bridges (N) per unit volume (V) is [9] 
 

38

3

R

nk

V

N r

π
=         (4) 

 
where random volume packing factor is  kr=0.64 (i.e., the portion of the total volume filled by 
particles), as suggested by Jaeger and Nagel [10]. Similar to Eq. 1, Eq. 4 also takes into account 
that each bridge belongs to two particles. 

Suppose that only a certain portion p of available liquid bridges is broken, while the rest of the 
particles bridges remains intact during shear. The energy E needed to rupture liquid bridges per 
unit volume during shifting for one elementary (unit) step, is obtained from Eqs.1 to 4, and given 
in Eq. 5.  
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where the elementary step distance, l, is given by Eq. 6. 
 

Rl 2=          (6) 
  

Note that this equation gives only the first approximation for the elementary step, because the 
actual distance between particles depends on the packing type. Note also that if rupture occurs at 
smaller distance than elementary step, then probability coefficient p in Eq. 9 decreases, but 
theory developed still will be valid. Fitting coefficient p in Eq. 5 takes into account not only 
portion of the broken bridges, but also possibility of simultaneously reforming bridges, which 
number should be subtracted form the number of broken bridges. 

On the other hand, the mechanical work (W) during shear at a shear stress (τ) for the shift of unit 
volume of  nl-layers of particles for the elementary step with respect to each other can be 
calculated as follows: 
 

ll nlAnWVW /)/(/ τ=≡          (7) 

 
Where A is an area of the horizontal layer (failure plane) of Shulze cell (see Figure. 2). Here 
incremental approach is suggested when shear stress between two layers equal τ/nl.  The Mohr 
circle geometry implies the following relationship between yield strength fc and shear stress τ 
along the failure plane: 

 φ
τ

cos

2 ⋅=cf         (8) 

 
where φ is the internal angle of friction given by the slope of the yield strength locus in the Mohr 
circle diagram (Figure 1).  Making the assumption that mechanical work, W, should equal liquid 
bridge rupture energy, E, and using Eqs. 5, 7 and 8, the following final formula for the 
unconfined yield strength is obtained: 
 

liq

sollr
c

Cn

R

pnk
f

ρ
ρ

φ
θγ

3cos

cos6 ⋅⋅⋅
=            (9) 

 
It is important to note the following approximations made for the development of this formula 
and restrictions for its application: the formula is valid only for a small volume of the liquid 
bridges as compared with the particle volume; no friction is taken into account; the powder is 
suggested to be mono-dispersed; the volume of each liquid bridge is considered to be the same; 
all particle contacts considered contain liquid bridges (i.e., there are no dry contacts); all liquid 
exists in the bridges and there is no liquid film on the particle surface; and the shear stress 
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changes linearly through nl- layers of the powder. The approximation for small bridge volume is 
valid almost always. However, the friction force can not actually be neglected, especially under 
low or zero humidity.  

Note that only at very low concentrations of liquid, C, the volume of bridge V1, calculated with 
Eq. 2, is too small to create bridge [11]. As it was shown in Ref. [11], in the case of water the 
minimal radius of meniscus, when the bridge volume could be considered as phase (rather than 
monolayer) and when the conception of surface tension is valid, r min=0.5 nm. The 
corresponding minimal volume of liquid bridge can be calculated for various radius of particle. 
For lower concentrations, only part of contact points will be filled by liquid and Eq. 9 is not 
valid. Note also, that for very low concentration of liquid, Eq. 9 is not valid also for another 
reason. Namely, we did not involve in theory the friction force, which plays major role at low 
liquid concentration. This problem is considered in the second part of the present paper. 

Monodispersed particles can be used in laboratory (as it was in the present paper) rather than in 
industrial processes. Advanced model taking out other restrictions should be developed in the 
future papers.   

Equation 9 predicts the correlations between the unconfined yield strength, fc (or unconfined 
shear stress, τ), and weight fraction of oil, C, and radius of particles, R.  Moreover, this equation 
expresses the yield strength as a function of the proportion (p) of broken bridges in the shear 
layer.  Validation of this equation was performed by measuring number of shear layers, nl, and 
measuring the yield strength, fc, using experimental data obtained with Schulze cell. 

4.2. Number of shear layers 

The number of particle layers, nl, involved in shear is an important parameter in the predictive 
strength equation.  This parameter is used to estimate the number of particles involved in rupture 
of liquid bridges during shear.  To compare experimental results for unconfined yield strength 
with theory (Eq. 9) we should know independently at least one of two parameters, the number of 
shear layers, nl, or the probability of bridge rupture, p. X-ray micro-tomography developed by 
Lin and Miller [12] at the University of Utah provided the important information on the 
formation of the shear zones within a shearing powder sample in a specially designed micro-ring 
shear tester, similar in construction to the Schulze cell.  This small-scale cell was used to observe 
the thickness of the shear layer during failure and estimate the number of moving particle layers 
(nl) in a glass powder.  The powder used in this experiment was ground glass with 5% fine iron 
oxide particles that were introduced as a tracer into the cell.  The material in the cell was 
compacted and the base was manually turned using a rotary stage to shear the bulk material in 
the cell.  The position of markers was tracked at stages during the shear process and the relative 
displacements of iron markers were computed as a function of depth in the test cell.   

The relative motion of particles and the width of the shear zone were analyzed using results of 
Lin and Miller [12] of x-ray micro-tomography capable of obtaining three-dimensional images of 
powder samples.  The relative angular movement of the dry ground glass particles with radius 
near 25 µm is shown in Figure. 4 as a function of height of the shear cell. It is important to note 
that this figure shows three distinct slopes in the angular displacement of material as a function 
of material height in the cell.  The region between a height of 6 mm to a height of just over 7 mm 
shows almost a 3 degrees change in angular displacement.  The displacements below and above 
this zone are likely due to local consolidation of the material during shear but do not represent a 
significant relative motion of particles during shear.  This distinct displacement zone between 6 
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and 7 mm was taken to be the active shear zone in the tester.  Histograms of the angular 
displacement of observed particles in different zones suggest an average angular displacement of 
2 degrees in the lower section of the test cell while the top material is displaced approximately 5 
degrees.  The shear-zone was identified and marked as the “effective shear zone”, which was 
determined to be equal 1.5 mm of height, corresponding in the first approximation to 30 particle 
layers. (Note, that here we suggested the distance between layer to be equal to 2R. Actual 
distance depends on the type of packing. Change of the precise number of layer yields to the 
change of the probability of p in Eq. 9, which is fitting parameter in the present paper, but does 
not influence of the suggested theory.) A similar result was obtained using a slice model to 
approximate shear zones in the Jenike cell.  Therefore, the number of particle layers, nl, used to 
predict unconfined yield strength, fc, from Eq. 9 was set equal to 30.  Typical literature shear 
layers values, nl, for glass [13-18] were found to be in the range nl = 4 to 18; Janssen et. al. [19, 
20] found nl equal 1000. The present experimental value seems to be reasonable.  
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Figure 4.   Mean angular displacement of glass particles along the height of micro- ring shear 

tester. Radius of particles is 25 µµµµm. The sudden change in slope of this figure 
identified as the “effective shear zone” represents the size of the failure zone in the 
test cell. Results show the size of the shear zone to be near 1.5 mm, which 
corresponds to about nl=30.  Histograms in the figure relate to the probability of 
the angular movement of particles at the certain height in the tester 
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4.3. Estimation of coordination number 

The coordination number also affects the prediction of unconfined yield strength.  Estimations of 
the coordination number were determined using a DEM approach.  The Discrete Element 
Method (DEM) is used to simulate the current system of spherical particles in the Schulze shear 
cell. The exact geometry of the shear cell was used and the particles were allowed to rain down 
into the cell. After deposition of the particles, the system was packed by simulated shaking of the 
cell. The contact (coordination) number for each particle in the loose packed state was 
determined. The distribution (histogram) of the coordination number, obtained for the packing 
density of 0.4, is plotted in Figure. 5. As a result, the coordination number (n) used in the 
prediction of unconfined yield strength from Eq. 9 was equal to 8.0.   
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Figure 5.    DEM- diagram of coordination number in monosized powder with volume packing 
fraction 0.4 

 

4.4. Results of Schulze tests 

The Schulze cell was used as described above to measure the unconfined yield strength as a 
function of the major consolidation stress for various glass bead particle sizes and oil contents.  
This information was required to generate typical flow functions for glass bead mixtures.  
Although flow functions are very useful in predicting process behavior, it is difficult to see the 
relationships between strength and binder weight fraction and strength and particle size.  In order 
to determine these relationships, strength values at prescribed major stress conditions were 
interpolated and the strength data were plotted as yield strength as a function of binder weight 
fraction (for a given particles radius) and as a function of particle size (for a given binder weight 
fraction).    Figures 6 and 7 contain the results of these tests for glass beads with oil added as the 
binder.   

Results for the experimental dependence of the yield strength fc (points) on the particle size 
(diameter) at oil weight fraction C= 0.001 (=0.1%) and major principle stress σ = 2 kPa are given 
in Figure. 6. The solid line corresponds to the results from Eq. 9 with the parameter values given 
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in the figure caption. Note, that to fit the experimental data by the theoretical line the best fit 
value of probability of the bridge rupture (i.e., the probability of the mutual movement of 
particles) was obtained equal to p=0.127.  This probability number is less than one and implies 
that each particle breaks a unique liquid bridge for every five that are involved in the shear zone.  
This could occur if the bulk material shears in agglomerates containing several adjacent particles 
rather than shearing occurring between individual particles. Note also, that the linear character of 
the experimental dependence of fc vs. 1/R demonstrates that the flow parameters in Eq. 9 (n, nl, 
p) are independent of R. 
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Figure 6.    Unconfined yield strength as a function of the reciprocal diameter (1/D) for oil 
content of 0.1% and a major normal stress σσσσ= 2 kPa.  The points are experimental 
data and the solid line is plotted with the theoretical Eq. 9 with the following 
parameters: ρρρρsol=2.5·103 kg/m3, ρρρρliq=0.95·103 kg/m3, γγγγ=27 mN/m; n=8; kr=0.64; 
nl=30; ϕϕϕϕ=30o, θθθθ=0o, the fitting value of p=0.127. The linearity of graph proves the 
independence of the parameters value of the particles radius 

 
The dependence of (fc) on the other parameter, the oil weight fraction (C) is shown in Figure. 7. 
Fitting the experimental data by Eq. 9 (with the best fitting parameter p=0.168) gives a poor 
result because the theoretical line predict to go through the coordinate origin, which contradicts 
the experimental data. Moreover, the value of the best fit parameter p=0.168 does not coincides 
with the fitting value of p=0.127, obtained above form the dependence of fc vs. R (Figure.6). It 
means that the present theory (Eq. 9) needs modification.  The theory can be improved by 
introducing additional inter-particle forces besides those caused during the rupture of the oil 
bridges. Particularly, the inclusion of the friction force should significantly increase the yield 
strength for dry powder (i.e., at C=0). This model is developed in the second part of the present 
paper. 
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Figure. 7.  Unconfined yield strength of 100 µµµµm diameter glass beads vs. the weight fraction of 
oil. The points are experimental data and the solid line is Eq. 9 with the best fitting 
parameter p=0.168. The latter does not coincide with the fitting value of p=0.127, 
obtained from Eq. 9 and the experimental dependence of fc vs. 1/D (Figure. 6).  
Eq. 9 gives poor fit for experimental dependence fc vs. C. The disagreement of the 
experimental data and the theoretical Eq. 9 means that improved theoretical model 
should be developed 

 
Despite the restrictions mentioned above, the developed theory predicts, at least semi-
quantitatively, the correct character of the dependence of fc on R and, therefore, suggests the 
qualitative correctness of the “energetic” approach used in the present paper for investigation of 
the flow behavior of the solid/liquid mixture under normal and shear stress. Moreover, the 
linearity of the dependences of fc vs. 1/R and sqrt(C) proves that the values of the parameters (n, 
nl, and p) don’t depend on the radius of particles and the oil weight fraction. It allows prediction 
the yield strength of the liquid/ powder mixture. 
 
5. Conclusions 
Equating the shear stress mechanical work and the energy of liquid bridge rupture, a formula has 
been developed for the unconfined yield strength of a liquid/ particle mixture as evaluated in a 
Schulze cell.  The theory predicts that unconfined yield strength (fc) is, as follows, 
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    (10) 

 
where (C) is weight fraction of the liquid and (R) is the particle radius. The application of the 
formula is restricted by small liquid volume, which is correct for the modern humidity.  All 
bridge volumes are suggested to be the same and particles are mono-dispersed.  

Experimental measurements of the yield strength in Schulze cell confirmed the linear correlation 
of fc and 1/R, but disproved the theoretically predicted linear correlation with sqrt (C). Despite 
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limitations, the theory predicts certain features for the failure behavior of powder. As a result, the 
obtained formula can be applied to predict flow properties of powder particles mixed with oil to 
avoid segregation or give estimates of the tendencies for moist material to form hang-ups in 
process equipment.   
 
6. List of symbols  
A- area of shear layer, m2 
C- liquid weight fraction, g liquid/ g powder 
E- energy to rupture nl- layers of powder mixture for unit step, J 
E1- energy of one annulus, J 
fc- unconfined shear strength, Pa 
H- shortest distance between particles, m 
kh- hexagonal volume packing coefficient, dimensionless 
kr- random volume packing coefficient, dimensionless 
l-  elementary (unit) step distance, m 
n- number of oil annuli associated with each particle (coordination number)- dimensionless, 
nl- number of shear layers of particles, dimensionless 
p- proportion of broken bridges, i.e. probability of the mutual shift of particles, dimensionless 
R- particle radius, m 
V- the volume of shifting layers, m3 
V1- the annulus volume, m3 

W- mechanical work during shear for elementary (unit) step, J 
 
Greek letters 
α- half-embracing angle of annulus, rad 
γ- surface tension, N/m 
θ- contact angle, rad 
ρoil  - density of oil, kg/m3 
ρsol  - density of solid particles, kg/m3 
σ- normal stress, Pa  
σ1- particular consolidation stress, Pa 
τ- shear stress, Pa 
φ- internal angle of friction, rad 
 
7. Addendum: 
Schulze cell [3] and measurement of unconfined yield strength fc. 
The cell consists of an annulus base connected to a cog, which is driven by a motor.  A powder 
material is placed into the base and the top with protruding vanes is placed on the material.  The 
top is connected to two load cells through two tension arms.  The weight of the top and tension 
arms is counter balanced by a lever system above the cell.  The top remains stationary while the 
base is rotated.  This allows measurement of the torque acting on the tester top.  Various weights 
are applied to the weight hanger connected to the top of the cell.  A prescribed normal force is 
placed on the weight hanger and the base is rotated until shear torque on the cell reaches a 
constant value.  This procedure generated a unique state of stress within the material known as 
the critical state of stress.  Once the critical stress state is reached, the rotation of the base is 
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stopped and the normal load on the top is reduced.  The base rotation is then initiated a second 
time and the material experiences a maximum peak shear stress causing failure of the bulk 
material in a zone positioned just below the vanes in the tester.  It is important to point out that 
this failure is for the powder material, which has been subjected to a prescribed critical state of 
stress and then failed.  All of the failures measured in this way are related to a single state of 
stress, which represents the critical state of stress induced during the steady shear part of the test.  
The maximum shear torque during failure is recorded and used to compute a shear stress value 
on the failure yield locus.  This procedure is repeated several times to generate a collection of 
points on a yield locus.  A curve or a line is drawn through these points and the unconfined yield 
strength, fc, is obtained by drawing a Mohr circle through the origin and tangent to the yield 
locus. 
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